The two-fluid plasma equations for a single ion species, with full transport terms, including temperature and magnetic field dependent ion and electron viscous stresses and heat fluxes, frictional drag force, and ohmic heating term have been implemented in the CFDNS code and solved by using sixth-order non-dissipative compact finite differences for plasma flows in several different regimes. In order to be able to fully resolve all the dynamically relevant time and length scales, while maintaining computational feasibility, the assumptions of infinite speed of light and negligible electron inertia have been made. Non-dimensional analysis of the two-fluid plasma equations shows that, by varying the characteristic/background number density, length scale, temperature, and magnetic strength, the corresponding Hall, resistive, and ideal magnetohydrodynamics (MHD) equations can be recovered as limiting cases.
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I. INTRODUCTION
Plasma, by far the most abundant form of ordinary matter in the universe, has been the subject of study in many disciplines, particularly in fusion [1] [2] [3] , space physics [4] [5] [6] , industrial applications [7] [8] [9] , astrophysics [10] [11] [12] , and so on. Aside from full ab initio descriptions [13] [14] [15] , for many applications, a reasonable level of accuracy for plasma flows calculations can be achieved by using kinetic theory and the distribution functions that characterize each particle component 16 . The evolution of the distribution functions is governed by the Boltzmann electro-diffusion [20] [21] [22] . Although this is a very active area of research [23] [24] [25] [26] , there are still many open questions, especially on how to treat mixtures with magnetic field dependent transport properties.
According to the H-theorem of Boltzmann 18, 27 , if the distribution function changes only by virtue of collisions, any arbitrary distribution will approach a Maxwellian. Therefore, the Braginskii two-fluid plasma model 17 can describe well plasma flows in which the characteristic time scale is much larger than the collision time, i.e. t 0 τ s , and the characteristic length scale is much larger than the distance traversed by particles between collisions (e.g. particle mean-free-path), i.e. L 0 λ mfp . One of such applications is the study of hydrodynamic instabilities between the hot spot and the colder surrounding plasma during the Inertial Confinement Fusion (ICF) coasting/deceleration stage . For the DT plasma in the early deceleration stage, the primary parameters of interests found in the literature 28, 29 , i.e. reference number density n 0 ∼ 10 30 m -3 , temperature T 0 ∼ 2.5keV, acceleration g ∼ 1.0 × 10 14 m/s 2 , and hot-spot radius R hs ≈ 55µm, lead to τ RT /τ i ≈ 250 1 and R hs /λ mfp ≈ 150 1. Here, τ RT = 1/(Akg) is the classical single-mode Rayleigh-Taylor instability (RTI) growth time and τ i is the ion collision time. The definitions of Atwood number, A, and wavenumber, k, can be found in Ref. 30 . Similarly, by using the typical plasma scales for the late deceleration stage 31, 32 , one obtains τ RT /τ i ≈ 500 1 and R hs /λ mfp ≈ 320 1.
Unfortunately, magnetized plasmas encountered in nature, including space and astrophysical plasmas, are mostly collisionless, and the typical collision time and mean-free-path in such flows can be comparable to or even larger than certain characteristic time and length scales of the flow. For example, according to the primary parameters given in Refs. 33, 34 , the particle mean-free-path in solar flare/corona is much larger than the length-scale of reconnecting current sheet, i.e. λ mfp ≈ 1.0 × 10 5 m δ ∼ 10m. Therefore, the quasi-Maxwellian distribution (or quasi-local thermal equilibrium) assumption does not seem guaranteed in such regimes. Theoretically, the highly collisionless magnetic reconnection can only be rigorously described by using collisionless kinetic models (e.g. Vlasov-Maxwell system of equations) in which both ion and electron kinetic-scale features are included 35 . However, in fact, the fluid model can still describe fairly well some strongly magnetized, collisionless plasma dynamics 1, 36 , which is largely due to the following two justifications. First, a strong magnetic field can play the role of collisions by forcing particles to gyrate in a Larmor orbit that is smaller than the mean free path by a factor of ω ce τ e 17,36 , where ω ce is electron cyclotron frequency and τ e is the electron collision time 1 . The other argument is that, even though the real distribution function in collisionless plasmas may significantly deviate from Maxwellian distribution, the fluid equations derived based on the quasi-Maxwellian assumption may approach the physical solution when the range of fluid scales is very broad. This argument is similar to the mixing transition 37 often invoked in fluid turbulence to justify the relevance of finite Reynolds number simulations to practical problems with much larger range of scales 38 . A more rigorous statement of the argument is that the flow develops an inertial range, where the energy cascade is local 39 and not influenced by the viscosity, except through the magnitude of the mean dissipation. From this point of view, it is tempting to assume that numerical dissipation in Euler equations simulations can act in a similar way and allow the development of an inertial range, so that the numerical solution is close to the physical solution when the grid is fine enough. However, developing a power law range in the spectrum is not proof of the emergence of an inertial range 40 and proving cascade locality in the presence of numerical viscosity/diffusion may be impossible in general. In a broader sense, mixing transition may be extended to certain non-turbulent flows to mean convergence of the results with respect to the Reynolds number. In other instances, the concept of separation of scales can also be used to justify the relevance of fluid simulations to practical applications. For example, when the shock wave thickness is much smaller than the flows scales, the results become independent of the shock profile. In this case, even though the Navier-Stokes description breaks around strong shocks, it can still accurately predict the shock-turbulence interaction 41 . While the mixing transition has not been explicitly explored for plasma flows, it has implicitly been assumed for example by showing that two-fluid plasma (including Hall-MHD) equations can successfully predict the fast reconnection rate in collisionless magnetic reconnection 6, [42] [43] [44] [45] . Here, we further address this issue by considering the convergence of magnetic reconnection results as the ion and magnetic
Reynolds numbers are increased.
Single-fluid magnetohydrodynamics (MHD) has been successfully used for studying largescale plasma flows in a wide range of problems [46] [47] [48] [49] [50] [51] . However, single-fluid MHD fails to describe plasma phenomena that happen on a length scale comparable to or smaller than the ion skin depth, i.e. when L 0 ≤ λ i = c/ω pi , where c is the speed of light in vacuum and ω pi is ion plasma frequency. When applied to the magnetic reconnection problem, ideal MHD cannot predict the reconnection due to its flux-frozen-in limitation, while resistive MHD predicts a growth rate much lower than observations 6 . This is because two-fluid effects become important at length scales below λ i as the ions and electrons motions start to decouple. By including the Hall current in the governing equations and electron pressure contribution to the total pressure, Hall-MHD equations 52 account for some two-fluid effects and have been successful in capturing the rapid magnetic reconnection process 6, 43, 44, 53 69 . In particular, the MIRANDA code uses a very similar high-order numerical scheme as the CFDNS code, with negligible numerical dissipation; however, this is accompanied by a high order filter to remove high frequency oscillations. No filtering is used with the CFDNS code. As far as we know, the magnetic field impact on the transport phenomena perpendicular to the magnetic field has not been considered in previous two-fluid plasma flow simulations. Nevertheless, the presence of a strong magnetic field reduces the distance traveled by particle during collision.
As a result, depending on the magnetic strength, the plasma transport coefficients in the directions perpendicular to the magnetic field may become significant small, so that the associated fluxes become strongly anisotropic. As argued above, there are many situations, e.g. when a mixing transition exists, where the exact form of the physical transport is not important, provided that the energy transfer among scales of motion remains local.
Nevertheless, such transition and the role of anisotropic transport have not been explored for many of the practical situations of interest.
The objective of this study is to present an accurate two-fluid plasma solver with a single ion component that can simulate magnetized plasma flows in a range of applications, with a special focus on collisional dominated transport for low-Z fully ionized nondegenerate plasmas, in regimes where the results might be sensitive to the exact formulation of the transport terms. All plasma transport terms such as the temperature and magnetic field dependent ion and electron viscous stresses and heat fluxes, frictional drag force, and ohmic heating are included in the two-fluid plasma solver. To obtain fully-resolved Direct Numerical Simulations (DNS)-like solutions, the two-fluid plasma equations are solved by using sixth-order non-dissipative compact finite differences 70 at sufficiently fine grid resolutions.
In this study, to maintain computational feasibility, the infinite speed of light and negligible electron inertia assumptions are made to eliminate severe time-step limitations. These two assumptions can be well justified for problems such as ICF coasting stage, where ion thermal velocity is non-relativistic,
, and m i /m e ∼ 5 × 10 3 . The length scale limitation imposed by using these two assumptions, L 0 (r Le , λ e ), where r Le is electron
Larmor radius and λ e is electron skin depth, is also satisfied in many other practical problems. While the primary target applications for the new solver are plasma flows which can be described with collisional transport terms, the test problems considered are widely used in the literature and have been addressed primarily using ideal equations solvers; the numerical treatment of such equations requires numerical dissipation/diffusion for regularization.
Our new solver yields smooths solutions without any numerical dissipation/diffusion and can recover inviscid analytical solutions for sufficiently high Reynolds numbers.
In general, the Braginskii transport coefficients become inaccurate for degenerate partially ionized plasmas or high-Z materials 68 . However, more general formulations do not include full directional dependence of the physical transport with respect to the magnetic field.
A separate objective of this study is to form the basis of future estimations of anisotropic transport importance and explore the existence of a mixing transition in various applications.
The paper is organized as follows: in Section II, the derivations of reduced two-fluid plasma equations from the Braginskiis full two-fluid plasma model, together with an analysis of their ranges of applicability, are discussed in details. A non-dimensional analysis of the reduced two-fluid plasma equations is conducted in Section III. The accuracy and robustness of the two-fluid plasma solver are highlighted, in Section IV, against a series of canonical problems. Finally, the main conclusions are provided in Section V.
II. MATHEMATICAL FORMULATION
The macroscopic description of plasma in fluid theory can be obtained by taking appro- 
A. Braginskii's two-fluid plasma model
For a simple fully ionized plasma, the continuity, momentum, and internal energy transport equations for species s (s = i for ion and s = e for electron) are given below as 17 :
where the primary variables are species density, ρ s , velocity, u s , and specific internal energy, e s . In this study, ideal gas equation of state (EOS) is assumed for simplicity. Therefore, the species pressure can be expressed as The evolutions of electric field, E, and magnetic field, B, are governed by the Maxwell equations as given below:
where µ 0 and ε 0 are the permeability and permittivity of free space, respectively, and are related to the speed of light in vacuum, c, as c = (µ 0 ε 0 ) −1/2 . In the above equations, the formulations for current density, J, and local charge density, ρ c , are J = q s n s u s = e (Zn i u i − n e u e ) and ρ c = q s n s = e (Zn i − n e ), respectively. It is worth pointing out that, for closing the governing equations, one only needs solve two of the Maxwell equations and the other two equations (e.g. Eqs. (6)- (7)) are just restatements of the closed set of governing equations. For example, by multiplying continuity equation (1) by q s /m s and then taking summation over ion (s = i) and electron (s = e) species, one obtains:
Furthermore, by taking the divergence of Amperes equation (4) and then subtracting it from equation (8), it yields:
Obviously, the Gauss equation (6) is just a restatement of the consequence (i.e. Eq. (9)) of solving continuity equation (1) and Ampere equation (4) . In this study, we would like to call equation (6) a diagnostic equation instead of a redundant equation. This is because that, after applying the two assumptions discussed in the following subsections, the electric field is calculated from the generalized Ohms law (13) instead of the Ampere equation (4), and equation (8) is reduced to a quasi-neutrality condition. As a result, equation (9) is no longer rigorously guaranteed to be satisfied when solving the final governing equations given in section II D. Therefore, in this study, we solve equation (6) as a diagnostic tool to monitor the importance of the numerical integration errors. By following the same procedure, one can also conclude that, mathematically, the magnetic field remains divergence free if it is initially divergence free.
B. Infinite speed of light assumption
In this study, the severe time-step restrictions 57 (e.g. ∆t ≤ CFL ∆x/c and ∆t
where CF L is the Courant-Frederic-Levi constant, ∆x is the mesh size, and ω pe is electron plasma frequency) caused by high frequency electromagnetic waves are eliminated by using the infinite speed of light assumption, i.e., (∂E/∂t) /c 2 ≈ 0, which reduces the Amperes equation (4) to:
Consequently, this assumption restricts the calculations to plasma flows with nonrelativistic thermal velocity, V T s = k B T s /m s c, and to electromagnetic waves with phase speed,
. Furthermore, by replacing equation (10) into equation (8), one obtains:
which indicates that the quasi-neutrality condition (ρ c = 0) is maintained at all times if the initial plasma flow is charge free. Consistently, the number densities and mass densities of ions and electrons become dependent, i.e. n e = Zn i and ρ e = Z (m e /m i ) ρ i , which eliminates the need to solve the continuity equation (1) for electrons and relates the ion and electron velocities via the current density as,
The quasi-neutrality condition limits our interests to plasma phenomena whose characteristic frequency is much smaller than the electron plasma frequency, ω ω pe = n e e 2 /ε 0 m e , and characteristic length is much larger than the Debye length, L 0 λ De = V T e /ω pe (see also Ref. 46 ).
C. Negligible electron inertia assumption
The second assumption made in this study is negligible electron inertia in the electron momentum equation (2). This assumption is justified as the right hand side of the electron momentum equation is the same order as that of the ion momentum equation, but the advection part is the order m e /m i compared to the corresponding part of the ion momentum equation. Then, after applying the relation between ion and electron velocities (equation 12), one can obtain the generalized Ohms law as:
where Biermann battery, viscous, resistive, acceleration, and Hall effects are all included.
Recent kinetic simulations 20 show that the Biermann battery term appearing in equation (13) is the physical source of strong, self-generated electric fields observed in ICF plasma 73 .
The rest of the terms, in particular, the Hall term and the last term in equation (13) are also indispensable in maintaining the constant charge condition (i.e. Eq. 11).
Negligible electron inertia implies that the electron flow has an infinite fast response time on the time scales of interest. Therefore, the characteristic time scale of interest must be larger than electron plasma frequency and electron cyclotron frequency, i.e., 1/ω (1/ω pe , 1/ω ce ), which further relaxes the time-step restriction on 0.1/ω ce 57 . Consistently, the characteristic length scale of interest must be longer than the Debye length, the electron Larmor radius, and/or electron skin depth, i.e. L 0 (λ De , r Le , and/or λ e ), where r Le = V T e /ω ce , λ e = V A /ω ce = c/ω pe , and V A = B/ √ µ 0 n i m i is the ion Alfven velocity. The inifinite speed of light assumption further reduces the above condition to L 0 (r Le and/or λ e ), since
After replacing the electric field, E, in the momentum equation (2) for ions using equation (13) and then applying the quasi-neutrality condition, a modified expression for the ion momentum equation can be written as:
D. Final two-fluid plasma equations
Finally, the two-fluid plasma transport equations considered in this study are the dimensional ion continuity equation, ion momentum equation, ion and electron internal energy equations, and Faradays law, and are summarized below as:
where the currently density, J, electron velocity, u e , and electric field, E, are calculated from formulations (10), (12) and (13), respectively. The ion/electron pressures, p s , and temperatures, T s , are related through the ideal gas EOS as described in section(II A).
As a result of infinite speed of light and negligible electron inertia assumptions, the consistency of quasi-neutrality condition (ρ c ≈ 0) in the final two-fluid plasma equations must be checked numerically by examining the value of charge density, ρ c , calculated from equation (6) . In other words, the divergence of the electric field, E, calculated from the generalized Ohms law equation (13) must be sufficiently small to maintain the quasi-neutrality condition. The numerical results obtained for all test cases confirm the quasi-neutrality condition and two sample results are presented in Appendix B.
III. NON-DIMENSIONAL ANALYSIS
In order to assess the importance of Hall and Biermann battery effects, resistivity, viscous stress, and heat flux to plasma flows in different regimes, as well as characterize special limiting cases, in this section a non-dimensional analysis of the two-fluid plasma equations is provided. In order to compare different applications, the characteristic scales that can be varied in practical problems of interests including temperature, number density, characteristic length scale, and magnetic field strength are chosen as the primary reference quantities.
A. Non-dimensional two-fluid plasma equations
We choose the characteristic number density, n 0 , length scale, L 0 , temperature, T 0 , magnetic field strength, B 0 , and external acceleration, g 0 , as the primary reference quantities and use them to construct scales for other variables like ion mass density, ρ 0 = n 0 m i , ion
A , and so on. With these choices, the non-dimensional two-fluid plasma equations become:
parameters are the ion inertial scale or skin depth,
ion and electron reference Reynolds (or viscous Lundquist) numbers,
plasma beta,
magnetic Reynolds (or resistive Lundquist) number,
Froude number,
the collision frequency,
In the above non-dimensional parameters,
is the background resistivity, and the formulations for other reference variables are ion plasma frequency, ω
, and electron collision time,
In addition, by using the relations, r Le /r Li = λ e /λ i = m e /m i , we can summarize the range of applicability for the two assumptions made in this study in term of the nondimensional ion length scales as:λ i m i /m e and/orr Li m i /m e depending on the local magnetic field strength. Thus, in magnetic dominant regime (e.g. low plasma β), the
On the other hand, in plasma dominant regime (e.g. large plasma β), the applicability condition becomesr Li m i /m e .
B. Single-fluid limiting equations
In order to demonstrate the limiting cases of the two-fluid plasma equations solved in this study, the non-dimensional single-fluid plasma equations for ion-electron mixture density
e ) /ρ * , and pressure, p * = p * i + p * e , are derived from the two-fluid plasma equations and given below:
Equation (35) is obtained by applying the relations ρ * e /ρ *
e ) /ρ * , and equations (26) and (27) into equation (20) . Similarly, by using the above ion-electron mixture variables definitions (including p * = p * i + p * e ) and equation (26) , one can obtain equation (36) from the ion momentum equation (21) under the negligible electron inertia assumption. Finally, using the non-dimensional EOS, ρ * s e * s = β/ (γ − 1) p * s , the ion-electron mixture variables definitions, negligible electron inertia assumption, and equation (26), equation (37) is obtained by taking summation of ion and electron energy equations (22) and (23) .
In addition, the generalized Ohms law is rewritten as:
Equation (38) is obtained by replacing the ion-electron mixture variables and equation (26) into equation (25) . The Faradays law for the non-dimensional magnetic field, B * , and the reduced Amperes law for current density, J * , remain unchanged as equations (24) and (27) and π * i , appearing in the single-fluid equations (36), (37) • Resistive MHD equations can be recovered in regimes whereλ i → 0 (and/orr Li → 0), Re i , Re e → ∞, and F r → ∞.
• Ideal MHD equations can be recovered in regimes whereλ i → 0 (and/orr Li → 0), given in Appendix A. In addition, the viscous contribution was only added to the momentum equations.
In the next section, numerical simulations will be conducted for a series of canonical problems to highlight the accuracy and robustness of the two-fluid plasma solver in handling plasma flows in different regimes.
IV. TEST CASES
The dimensional two-fluid plasma equation with full transport terms described in section II D have been implemented in the petascale CFDNS code 41, 74, 75 and solved by using sixthorder non-dissipative compact finite differences 70, 75 for four canonical problems: Alfven and whistler dispersion relations, electromagnetic plasma shock, and magnetic reconnection. For these cases, ion and electron temperatures are the same, i.e. T i = T e . Therefore, the collision generated heat for ion energy equation, Q i (Q ∆ ), vanishes while the collision generated heat for electron energy equation, Q e , reduces to the ohmic heating term shown as the fourth term in the RHS of equation (18) . Therefore, the two-fluid plasma equations solved in these test cases are mathematically equivalent to the single-fluid plasma equations described in section III B which can be viewed as the general or full Hall-MHD equations (therefore more general than the conventional Hall-MHD equations used in previous studies and explained in Appendix C 1) including all plasma transport terms. The identical temperature simplification further eliminates the need to solve the ion energy equation (17) .
For the test cases considered in this study, the initial conditions for all primary variables By linearizing the ideal MHD and Hall-MHD equations about the equilibrium and assuming plane wave solutions of the form exp (ik * x * − iω * t * ), one obtains the Alfven and whistler dispersion relations:
for Whistler waves,
where k * = 2πm/L * x is the wavenumber, m is the integer mode, and ω * is the wave frequency.
The initial conditions are:
where v * p is the phase velocity which can be calculated from linear equations (39) and (40) . The simulations are conducted over a periodic domain with size L * x = 9.6 and number of grid points N X = 384. Therefore, for the simulations conducted in this study, the largest wave resolution is 192 points per wavelength for the minimum mode (i.e. m = 2). For the case using the maximum mode (i.e. m = 30), the wave resolution becomes 12. The whistler waves found in solar corona/flares are related to the fast, collisionless magnetic reconnection that occurs on the length-scales comparable with the ion skin-depth 78,80 .
The ion-skin depth estimated using the typical parameter values of solar corona/flare parameters shown above is similar to the one provided in Ref. 34 , i.e. λ i ≈ 10m. However, the viscous effects estimated using the closures described in Ref. 17 and Appendix A are probably not accurate at this scale, which is smaller than the mean free path for the solar corona/flares 33, 34 . Developing closures applicable to collisionless systems is difficult 81 .
Therefore, to be able to perform simulations relevant to the whistler wave dispersion relation, yet maintain the correspondence to the solar corona/flares parameters, we still use the above parameters, but decrease the reference temperature T 0 to obtain high enough values of Re i ≈ 4.0 × 10 3 and Re m ≈ 1.0 × 10 4 . Again, as shown in Fig. 1(b) , the CFDNS results calculated using the two-fluid plasma equations perfectly match the analytical solution given by Eq. (40) .
B. Electromagnetic plasma shock
The presence of plasma shocks is also often observed in space and fusion applications.
For example, the interaction of the solar wind with the Earth magnetosphere leads to the formation of a bow shock upstream of the magnetopause 82, 83 . The electromagnetic plasma shock simulated here is an extension of the single-fluid, inviscid Brio-Wu shock 84 to the two-fluid plasma model. The initial values for the non-dimensional primary variables are: 
and Dirichlet boundary conditions are implemented at the shock-tube boundaries.
Most (if not all) previous numerical studies of the bow shock 48,51,85 and Brio-Wu shock 61,84,86 ignore the viscous and heat flux terms and fully rely on the numerical dissipation introduced by shock-capturing schemes to regularize the equations around sharp discontinuities. On the contrary, by including full plasma transport terms, one should be able to resolve the shocks by using high-order non-dissipative numerical schemes at sufficiently high grid resolution. Therefore, in this test case, we choose the characteristic number density, n 0 ∼ 10 7 m −3 , length scale, L 0 ∼ 10 11 m, and magnetic strength, B 0 ∼ 10 nT, as the typical values found in solar wind 51, 79, 85 , and vary T 0 to obtain a range of substantial high, but still affordable Reynolds numbers. These reference scales giveλ i ∼ 1.0 × 10 −6 and Re m ∼ 10 12 , therefore, both Hall effect and magnetic resistivity become negligible. high-order non-dissipative numerical schemes provided the grid resolutions are sufficiently high. Of course, by increasing viscosity or decreasing the Reynolds number, the profiles for all variables become smoother and, therefore, can easily be resolved at lower grid resolutions.
In this study, grid convergence tests have been conducted for all plasma shock cases to guarantee that computational results presented are free of numerical error. As indicated in discontinuity location 87 . Secondly, the CFDNS results maintain nearly 6-order accuracy across the discontinuities, while the convergence rate of most shock-capturing schemes drops to first-order accuracy near discontinuities 88 .
C. Magnetic reconnection
The last test case considered in this study is the collisionless magnetic reconnection, a rapid rearrangement of magnetic field topology and release of free magnetic energy. It is of particular importance to the dynamic evolution of the solar corona/flares 4,78 , the magnetosphere 89, 90 , and thermonuclear fusion 91, 92 . Previous studies 6, 43, 44, 53, 80 confirm that the fast magnetic reconnection occurs on a length scale comparable to ion skin depth and is mainly contributed by the Hall term.
Though extensive computational work has been done on the magnetic reconnection problem, simulations of magnetic reconnection with explicit viscous and thermal diffusion effects are rare. In addition, instead of a dynamically changing property, the resistivity in most previous studies 43, 56 was simply chosen as a constant value. The justification for the absence of physical plasma transport terms is partially because the rapid magnetic reconnection is collisionless, therefore, the closures for transport terms based on Chapman-Enskog expansion in small mean-free-path 17 become inappropriate, while developing closures applicable to collisionless systems is difficult 81 . In turn, most widely used plasma solvers use dissipative shock-capturing techniques and rely on numerical dissipation instead of physical transport terms to regularize the equations. In general, in such approaches the numerical dissipation is related to the mesh size and the simulations do not converge as the mesh size is increased.
Therefore, it seems impossible for such plasma flow solvers to produce fully resolved DNS-like solutions.
In this study, we choose the characteristic number density and length scale as the typical values found in solar flare reconnection 34 , i.e. L 0 ∼ 10m and n 0 ∼ 10 15 m −3 , which leads tô Similar to previous studies, the initial conditions for the non-dimensional primary variables are:
The perfectly conducting wall boundary condition is applied in the vertical direction ( The temperature contours shown in Fig. 7 further confirm the rapid conversion of magnetic energy into particle energy. As the reconnection takes place, both temperature and velocities (not shown) increase significantly due to the rapid conversion of magnetic energy into thermal and kinetic energies. In the solar corona, this phenomenon is thought to give rise to solar flares and drive the outflow of the solar wind 4 . Consistently, the rapid increase of temperature causes a dramatic increase of heat flux and viscous dissipation, since κ ∝ T 5/2 and µ s ∝ T 5/2 , as well as a large decrease of magnetic resistivity, since η ∝ T −3/2 .
The presence of thermal diffusion is then absolutely necessary to prevent unphysically high temperatures to be generated at the reconnection points. Previous studies without physical thermal diffusion had to rely on the numerical diffusion introduced by dissipative numerical schemes to damp this effect. The effect of numerical diffusion is hard quantify due to the higher order nonlinearities usually present in the associated terms (if such can be explicitly evaluated at all). In addition, different numerical schemes have different truncation errors, so numerical diffusion is difficult to generalize across various codes. Thus, numerical results relying on numerical diffusion to regularize the equations should be regarded with caution.
A grid convergence test has been conducted for the magnetic reconnection problem and the reconnection fluxes calculated using the two-fluid plasma solver are converged at a moderate grid resolution (e.g. 256 × 512) for Re i = 426 and Re m = 112, as shown in Fig. 8(a) . By using the finest grid (e.g. 768 × 1536) results as the exact solutions, one can calculate the numerical error on coarser grids. The results are shown in Fig. 8(b) . The grid convergence rate estimated from the last two point isn = 6.58, which is fairly close to the theoretical limit of sixth-order compact scheme. which for the plasma shock test case is around 2.3. Near the sharp gradients in the plasma shock problem, in contrast to the first-order convergence rate commonly found in studies using shock-capturing schemes, the grid convergence rate calculated here is in the range ofn ∼ 6.08 − 6.14 which is very close to the theoretical value of the sixth-order compact scheme.
For the last test case, the CFDNS results successfully demonstrate, using the two-fluid plasma model, the fast magnetic reconnection process occurring under solar flare conditions. 
Appendix A: Plasma Transport Term Formulations
For completeness, the formulations for all transport terms, mostly following Ref. 17 , as well as details of their implementation are given below.
Viscous stress tensors, π s
In general, three major steps are needed for calculating the viscous stress. First, the strain rate tensor, W s , is calculated in the fixed Cartesian coordinate system,{e 1 , e 2 , e 3 }, as:
where I is the second-order identity tensor.
The next step is to restate the strain rate tensor, W s , into a moving coordinate system aligned with the magnetic field, {e 1 , e 2 , e 3 }, in which e 3 = B/|B| denotes the unity vector in the direction of magnetic field, as given below:
The transformation matrix, Q, is defined by:
where 
where µ s j , j = 1, .., 4, are the ion and electron viscosity coefficients which are mainly functions of temperature, T s , and number density, n s . For ions, one has µ In this study, the Coulomb logarithm formula, lnΛ, is adopted from Ref. 93 and its expression in Gaussian units is given below:
The numerical values of the constant coefficients a 1 , a 2 , ..., a 5 , b 0 , ..., b 4 can be found in Ref. 93 .
The effective screening length λ ef f can be estimated as:
where
Finally, the viscous stress tensor, π s , can be obtained by restating π s back into the fixed coordinate system, {e 1 , e 2 , e 3 }, as shown below:
For the special case without magnetic field, i.e. B = 0, the viscous stress tensor can be calculated directly by using the following formulation,
Another special situation is when the magnetic field is aligned with the fixed coordinate system, i.e. B 1 = B 2 = 0 and B 3 = 0. In this case, the transformation matrix, Q, is reduced to the second-order identity tensor I. Therefore, no coordinate transformation is needed and the viscous stress tensor can be calculated by using equations (A4)-(A9) directly.
Heat Flux, q s
The ion heat flux, q i , is caused by temperature gradient only and can be expressed as:
where h = B/|B| represents a unity vector in the direction of local magnetic field and the symbols and ⊥ on any vector denote its component in the parallel or perpendicular direction to the magnetic field, B, respectively. For example,
The non-dimensional variables x and ∆ follow the definitions above.
On the contrary, the electron heat flux, q e , is caused by both temperature gradient and the relative velocity between ion and electron, (u i − u e ) or current density, J, and can be written as q e = q T e + q ue . The two parts are formulated as:
The numerical values of the constant coefficients, η 0 , γ 0 , β 0 , γ 0 , etc., can be found in Ref. 17 .
Frictional drag force, R s
Similar to the electron heat flux, q e , the frictional drag force between ions and electrons, R ei (or R e ), also has two different contributions:
R u is the classical momentum frictional force caused by the velocity difference between ions and electrons, while the thermal frictional force, R T , is produced by the electron temperature gradient.
Collision generated heat, Q s
Following the approximations made in Refs. 17, 54 , the ion and electron collision generated heat terms are written as:
n e τ e k B (T e − T i ) (A19) Q e = R e · (u i − u e ) − Q ∆ (A20)
The expression R u · (u i − u e ) is the general ohmic heating term.
We note here that the Braginskii coefficients are consistently derived using two-term force and will address the differences compared to Ref. 68 formulation elsewhere.
Appendix B: Quasi-neutrality condition
As discussed in the Section II D, an indication of the accuracy of the numerical integration is that the charge density, ρ c , evaluated from the divergence of electric field, E, remains sufficiently small at all the times. For all test cases discussed in this paper, the maximum normalized charge density in the computational domain, |ρ c | max = |ε 0 ∇ · E/ (eZn i ) | max , was monitored throughout the simulation times. 
The conventional Hall-MHD equations
In regimes where Re i , Re e → ∞, q * ue → 0, and R * T → 0, and assuming that the gradients stay finite, the single-fluid equations (35)- (38) given in Section III B reduce to: Written as above, the conventional Hall-MHD equations are not closed, due to the presence of the electron pressure, p * e , which cannot be estimated from the rest of the variables. In practice, to close the equations, some studies [54] [55] [56] simply neglect the electron pressure, while others 34,57 assume identical ion and electron temperatures, T * i = T * e . In the latter case, the electron pressure becomes p * e = Zp * i = p * / (1 + 1/Z).
The resistive MHD equations
In regimes whereλ i → 0 (and/orr Li → 0), Re i , Re e → ∞, and F r → ∞, the single-fluid equations (35)- (38) reduce to:
Equations (C7)-(C12) are the non-dimensional resistive MHD equations 46, 54 . Obviously, the resistive HMD equations are closed without the need of explicitly assuming identical ion and electron temperatures (T * i = T * e ). As before, R u is function of current density, J * .
Again, neglecting the viscous contributions in the infinite Reynolds number limit, generally precludes the use of equations (C7)-(C12) for turbulent flow calculations.
